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Lesson 1: The Relationship between Exponential and Logarithmic Functions 
 

Logarithmic function is the opposite or the inverse of exponential function. For example, the 

inverse of y = a
x
 is y = loga x, which is the same as x = a

y
. 

 

Examples: 1. Change to logarithmic form: 8 = 2
x
 

        Solution: Remember that the logarithm is the exponent. 

         x = log2 8 

 

  2. Convert to exponential form: y = log3 5 

      Solution: Remember that the logarithm is the exponent. 

                                 3
y
 = 5 

 

 
 

 

Lesson2: Logarithmic Functions 
 

The logarithmic function to the base a, where a > 0 and a ≠ 1, is denoted by xy alog  and is 

defined by  

 

 

 

Since logarithmic function is the opposite of exponential function, all exponential functions can 

be changed to logarithmic functions and vice versa. 

 

Changing exponential functions to logarithmic functions: 

 
1. Change xaxf )( to logarithmic function  

 xay   
yax    Change y to x and change x to y 

xy alog  Change from exponential form to logarithmic form 

      xxf alog)(   
 

2. Change 12)(  xxf  to logarithmic function 
 12  xy       1log11 2  xy  

12  yx               1log2  xy  

       xy 2log1            1log)( 2  xxf   

xy alog if and only if yax   
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Changing logarithmic functions to exponential functions: 

 

1. Change xxf alog)(  to exponential function 

xy alog   

 yx alog  Change y to x and x to y 

        ya x    Change from logarithmic form to exponential form 

     xaxf )(  
 

2. Change 1log)( 2  xxf to exponential function 

1log2  xy  

 1log2  yx  
      11log1 2  yx  

      yx 2log1  

       yx 12  
      12)(  xxf  

 

 

Lesson 3: Graphs of Logarithmic Functions 

 

The graphs of the exponential function xay  and the logarithmic function xy alog  
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Properties of the Graph of a Logarithmic Function xxf alog)(   

1. domain of the function 

Domain of logarithmic function = Range of exponential function = (0, ∞). 

 

2. range of the function 

Range of logarithmic function = Domain of exponential function = (−∞, ∞).  

 

3. x-intercept 

The x-intercept of the graph is 1.   

There is no y-intercept. 

 

4. vertical asymptote 

The y-axis is a vertical asymptote of the graph. 

 

5. trend of the graph 

A logarithmic function is decreasing if     0 < a < 1 and increasing if a > 1. 

 

6. points in the graph 

The graph passes through the points (1, 0) and (a, 1). 

 

Example: Sketch the graphs of the functions xxf log)(  and  1log)(  xxf  in the same  

                 coordinate and compare them according to the basic properties of the graph of  

      a logarithmic function. 
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Lesson 4: Laws of Logarithm 

 
The following are the laws of logarithm that can be derived from the properties of exponents. 

 

1. 01log a  since 10 a   

That is, the logarithm of 1 to any base. a, is equal to zero. 

 

Examples: 010log1   01log324   01log
7

  

 

2. 1log aa  since aa 1  

That is, the logarithm of a number to the same number as its base is equal to 1. 

 

Examples: 110log10   1)(log )(  yxyx  1320log320   

 

 

LAWS OF LOGARITHM AND THEIR DERIVATIONS 

 

Law 1: Logarithm of a Product  baab ccc logloglog   

The logarithm of the product of two numbers is equal to the sum of the logarithms of the 

two numbers. 

 

Proof: Let  xac log   and  ybc log  

 Hence          xca    and          ycb   

                  yx ccba   

         yxcab   

 Thus            yxabc log  

 or            baab ccc logloglog   

 

Examples: 1. 5log2log52log10log 3333   

 

  2. 
4

3
log

32

27

9

8
log

32

27
log

9

8
log 5555   

 

Law 2: Logarithm of a Quotient  ba
b

a
ccc logloglog   

The logarithm of the quotient of two numbers is equal to the logarithm of the dividend 

minus the logarithm of the divisor. 

 

Proof: Let  xac log   and  ybc log  

 Hence         xca    and          ycb   
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y

x

c

c

b

a
  

         yxc
b

a   

 Thus            yx
b

a
c log  

 or            ba
b

a
ccc logloglog   

 

Examples:  1. 7log5log
7

5
log 333   

  2. 
45

49

25

14
log

45

49
log

25

14
log  aaa  

 

                         
35

18
log

49

45

25

14
log aa   

 

Law 3: Logarithm of a Power    aba c

b

c loglog   

The logarithm of a number raised to a power is equal to the power multiplied by the 

logarithm of the number.  

 

Proof: Let  xac log  

 Hence         xca   

         bxb
ca   

        bxb ca   

 Thus  bxab

c log   

 or  aba c

b

c loglog   

 

Examples: 1. 2log32log8log 13

3

1313   

  2. 
125

1
log

5

1
log5log5log3

3

3

aaaa    

 

 Using Laws 1, 2 and 3 we have 

 qp

k

mm

kqp

nm

k dcba
dc

ba
logloglog   

           q

k

p

k

m

k

m

k dcba loglogloglog   (Law 2) 

        q

k

p

k

m

k

m

k dcba loglogloglog    (Law 1) 

           dqcpbmam
dc

ba
kkkkqq

mm

k logloglogloglog   (Law 3) 
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Examples: 1. 58log
3

2
17log

2

1
23log2

58

1723
log 101010

3

2

2

1

2

10   

  2. dcba kkkk log5log4log2log3   

        5423 loglogloglog dcba kkkk   

        
52

43

log3
db

ca
k  

 

Law 4:  aba ccb logloglog   

 

Proof: Let  xab log   and  ybc log  

 Hence         xba    and         ycb   

 Substituting yc  for b in xba   we get 

     xyxy cca   

 Thus  xyac log  

 or  baa cbc logloglog   

 

Examples: 1. 10log5log5log 7107   

  2. 10log25log25log 10 ee   

 

Law 5:  
b

a
a

b
log

1
log   

 

Proof:  From Law 4 we have 

  aba aab logloglog   

 or 1loglog  ba ab  

  Dividing both sides by balog  we get 

  
b

a
a

b
log

1
log   

 

Examples: 1. 
3log

1
10log

10

3   

  2. 10log15log15log 6106   

      
6log

15log

6log

1
15log

10

10

10

10   

 

What is the use of Law 4 and 5? If the logarithm of a number to a certain base is given, we 

can use Law 4 and 5 to find the logarithm of a number to a 

different base. 
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2log

29log
29log

10

10
2    

23.1log

14log
14log

10

10
23.1   

 

Law 6:    ba
ba 

log
 

 

Proof: Let   xba log    (1) 

 Hence          xab     (2) 

     xb
aa a 

log
  from (1) 

     ba
ba 

log
  from (2) 

 

Examples: 1. 72
7log2    2. 125

12log5   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Lesson 5: Common and Natural Logarithms 

 
Common Logarithms 

 

Common Logarithms are logarithms which use the number 10 as the base. Since common 

logarithms have the base of 10, we do not write the base anymore and write simply log a to mean 

log10 a.  

 

We can use either an electronic calculator or a logarithmic table to find the common logarithm of 

a number.  

 

 

 

 

Summary of the Laws of Logarithm: 

 

1. 01log a     5.   aba c

b

c loglog   

 

2. 1log aa     6. aba ccb logloglog   

 

3. baab ccc logloglog    7. 
b

a
a

b
log

1
log   

 

4. ba
b

a
ccc logloglog    8.   ba

ba 
log
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Lesson 6: Logarithmic Equations 

 

Lesson 7: Antilogarithm 

 
 

 

A sample table of logarithm 

 

Characteristic and Mantissa  

 

Logarithms of numbers contain integral (the digit/s at the left of the decimal point) and decimal 

parts (the digit/s at the right of the decimal point). The integral part of the logarithm of a number 

is called the characteristic and the decimal part is called mantissa. 

 

Example: 1. log 6 = 0.7782  the characteristic is 0 and the mantissa is .7782 

  2. log 15 = 1.1761  the characteristic is 1 and the mantissa is .1761 

 

Natural Logarithms are logarithms which use the constant e as the base and are denoted by ‘ln.’ 

Hence, by ln x we mean loge x.  

 

The inverse of the function defined by y = ln x is the exponential function defined by y = e
x
. 

 


